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Classification of contact structures associated
with the CR-structure of the complex
indicatrix
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Abstract

By regarding the complex indicatrix as an embedded CR-hypersurface
of the holomorphic tangent bundle in a fixed point, we analyze some
aspects of the relations between its CR structure and the considered
contact structure. Moreover, using the classification of the almost con-
tact metric structures associated with a strongly pseudo-convex CR-
structure, of D. Chinea and C. Gonzales, we determine the classes cor-
responding to the natural contact structure of the complex indicatrix
and the new structures obtained under a gauge transformation.

1 Introduction

Many geometers dedicated their attention to the study of relationships between
the geometric properties of a Riemannian or a Finsler manifold M and those
of its unit tangent sphere bundle, named also indicatrix ([3, 4, 5, 7, 10, 14],
etc.). This research field, extended to the complex Finsler spaces, is very
interesting and important, mainly because the complex indicatrix is a compact
and strictly convex set surrounding the origin, used in the study of the volume
of Finsler manifolds or in the study of the Laplacian or Hodge theories.
However, the main purpose of the present paper is to present the indica-
trix of a complex Finsler space from an algebraic point of view by finding the
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classes corresponding to the natural contact structure of the complex indica-
trix and the new contact structure obtained under a gauge transformation.
In this sense, we used the complete classification for almost contact metric
manifolds obtained by D. Chinea and C. Gonzales [6] through the study of the
covariant derivative of the fundamental 2-form. This represents an algebraic
decomposition of the geometric structures and for every invariant subspace is
assigned a different class of contact manifolds.

Firstly, in Section 1, we make a short overview of the concepts and termi-
nology specific to complex Finsler manifold M, as in [1, 12]. By taking z € M
an arbitrary point, the punctured holomorphic tangent bundle T/ M can be
locally viewed as a Kéhler manifold and the complex indicatrix is a real hyper-
surface, i.e. a CR hypersurface of T/ M. Thus, the CR structure of the complex
indicatrix and its associated natural contact structure are studied in Section
2. Using these and the classification of almost contact metric structures asso-
ciated with a strongly pseudo-convex CR-structure, developed by P. Matzeu
and M.I. Munteanu [11] in the light of the 12 mutual classes introduced by D.
Chinea and C. Gonzales [6], we determine in Section 3 the classes correspond-
ing to the natural contact structure of the complex indicatrix. Moreover, there
are analyzed the classes of different types of almost contact metric structures
associated with the same CR-structure of the complex indicatrix, introduced
under a gauge transformation.

Let M be an n-dimensional complex manifold, with z := (%), k = 1,..,n,
complex coordinates on a local chart. The complexified of the real tangent
bundle TcM splits into the sum of holomorphic tangent bundle 7'M and its
conjugate T"" M, i.e. TcM =T'M&T" M. T'M is in its turn a 2n-dimensional
complex manifold, of local coordinates in a local chart in u € T'M given as
u:= (%), k=1,..,n.

Definition 1.1. A complex Finsler space is a pair (M, F), with F : T'"M —
R, F'= F(z,n) a continuous function that satisfies the following conditions:

i. F is a smooth function on 7'M := T'M \ {0};
ii. F(z,mn) >0, the equality holds if and only if n = 0;
ili. F(z,An) = |A\|F(z,n), VA € C;
iv. the Hermitian matrix (gﬁ (z,n)) is positive definite, where g,; = %

is the fundamental metric tensor, with L := F? the complex Lagrangian
associated to the complex Finsler function F.

The third condition assures that L is homogeneous with respect to the
complex norm, L(z, An) = AAL(z,n), YA € C, and by applying Euler’s formula
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we get that:
—n == =1L; =—73"=0 and L =g;n"7. 1
o = e Do = g 9ijN'M (1)
An immediate consequence concerns the Cartan complex tensors Cj, 1= Z‘(j] i
and Cj5p = %, which have the following properties:
Ozjk = iji ; Cz'jl% = Cuéj ; Cz’jk = Cﬂfc and (2)
Cin® = Cgpi’ =Cn' = Cypn” =0 (3)

The geometry of complex Finsler spaces consists of the study of geomet-
ric objects on the complex manifold 7'M, endowed with a Hermitian metric
structure defined by g,;. Firstly, we analyse the sections of its complexified

tangent bundle To(T"M) =T (T'M) & T"(T'M), with T/ (T'M) = T/ (T'M).
Let V(T'M) = span{a%k} C T'(T'"M) be the vertical bundle and we in-
troduce the complex non-linear connection, denoted by (c.n.c.), as the sup-
plementary complex subbundle to V(T'M) in T(T"M), ie. T'(T'M) =
H(T'M) ® V(T'M). The horizontal distribution H,(T'M) is locally spanned
by {% = % —Nj a%j}, where N} (z,n) represent the coefficients of a (c.n.c.).

5Zk )

(c.n.c.), which has the dual adapted base {dz*, n* := dn* + Nfdzj}.

Further we will use the following notation 7/ =: 1/ to denote a conjugate
object.

The CR structure attempts to describe intrinsically the property of being
a hypersurface in complex space; thus, a CR manifold can be considered as
an embedded CR manifold (hypersurface and edges of wedges in complex
space) or as an abstract CR manifold. A CR-submanifold M of a Finsler
space, extended by S. Dragomir [8, 9], is a real submanifold endowed with a
pair of complementary Finslerian distributions D, D+ ¢ TM, such that D is
invariant, J(D,) = D,, and D+ is anti-invariant, J(DL) c (T,,M)*, for each
u € M, where J is an almost complex structure on M.

Any real hypersurface M of M is a CR-submanifold, with D~ = J(T,, M)+
and D the complementary orthogonal distribution of D+.

Thus, the pair {d; := S O = a%k} represents the adapted frame of the

2 Contact structures subordonated to the CR structure
of the complex indicatrix

For (M, F) a complex Finsler manifold, let us take T, M its corresponding
holomorphic tangent space and F, the Finsler metric in an arbitrary fixed point
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z € M. Then, (T,M, F,) can be regarded as a locally complex n-dimensional
Minkowski space, with (n?) its complex coordinate system, n = (n¢) = ni% |2
Let g be the Hermitian structure on T'(W) associated to F, i.e. g,(Z,W) =
gj,;(z,n)ZjW for any n € T'M, Z = Zj%h, W = W’“%M € Té(fg\//[)
AsNusual in Hermitian geometry we extend g to a complex bilinear form § on
T!M by §(Z,W) = g(Z, W), §(Z,W) = §(Z,W) =0, §(Z,W) = §(Z,W),
VZ,W € T'(T.M) which defines a Hermitian metric on Z/ZM and is locally
given by:

O*F?
ooy

G: dy’ ® A = g;z(z,m)dn’ @ dif”. (4)
Any linear connection on M can be extended by linearity to Te M [12],

which is isomorphic to Vo (T'M) via vertical lift. We require V to be a com-

patible complex connection with respect to the natural complex structure J

J(Ok) =10, J(95) = —i0f,  with i:=+/—1. (5)

We can choose V to be the Levi-Civita connection, which is a metrical and
symmetric connection and using (2) we get the following components:

Iy = thCjﬁk =: C}p.(n); ng =0; F%k =0; I, =0. (6)

Since I‘%k = I‘%k = 0, it takes that the Levi-Civita connection is Hermitian,
with C% = Cj, and Cj7) = Cliyn* = 0. Taking into consideration that
this Levi-Civita connection is equivalent to the linear Chern connection on
™T'M = span{z%} [2], where = : T'"M — M is the natural projection,
and since C’;k - C’,ij = 0, we get that (T/M, F},) is Kéhlerian and thus V is
Kahlerian connection.

For an arbitrary fixed point z € M, the unit sphere in (T, M, F.,), also
called the complex indicatriz in z is:

LM ={neTM| F(zn)=1}.

The positivity of the fundamental tensor g;; assures the convexity of the La-
grangian L and the strongly pseudoconvex property of the complex indicatrix
1. M. Moreover, since I, M has only one defining equation which involves the
real valued Finsler function F, it is a real hypersurface of the holomorphic
tangent bundle T/ M, and thus a CR-hypersurface, for any z € M.

Let (ul,...,u>""1) be local coordinates on I, M and 7/ = n’(ul,..,u

Vj € {1,..,n} the equations of inclusion I, M <y i’\M [9]. Let us take I/ =

%173 and [; = gj,;l’;, which is equivalent to [; = %% or lj = 23—5. If

2n—1>7
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we differentiate with respect to w variable the complex indicatrix condition
F(z,n(u)) =1, we get

on’ onl .
zja% 33%20’ ac{l,....2n—1}, j€{l,...,n}. (7)

The tangent map i, : Tr(I,M) — TC(Y/“ZJ\/@ acts on tangent vectors of I, M

. o\ _ o® 9 o o s T :
as iy (—aua) = Xo = 3k 5k + Gus BoF - Considering this and (7), we set

N=1Ud;+1d (8)

and thus we obtain Ggr(Xs, N) = 0, where Gg is the Riemannian metric
applied to real vector fields as

Gr(X,Y) =Re§(X,Y7). (9)

with X', Y’ are the holomorphic, respectively, the anti-holomorphic part of
tangent vectors X and Y. Consequently, N € Tr(I.M)* and Gr(N,N) =1,
so that N is the unit normal vector of the indicatrix bundle.

Since I, M is a CR-hypersurface with JD+ = span{N}, we take the char-
acteristic direction of the complex indicatrix CR structure as

£=JN =i (z’fé)k - 5’55@) ,i= o/, (10)

which is a real tangent unit vector on I, M, with £ = £, N = —J¢, D+ =
span{&} and Ggr(§,€) = 1. Let then D be the maximal J-invariant subspace
of the tangent space of I, M, also called the Levi distribution, orthogonal to
D+, such that
Tr(I.M) =D @ span{{}. (11)

Thus, dimg I, M = 2n — 1 and dimg D = 2n — 2, since dimgc M = n.

Considering (11) and Tr(T.M) = Tr(I.M) @ span{N} and Tr(I.M) =
D @ span{}, we can take D = Tr(M), where M is a complex hypersurface
of T/M, with dime M = n —1 and complex unit normal vector N’ = [J 8]
Thus, D = Re{T'M & T" M} and since T'(T.M) = span{d;}, there exist the
complex projection factors P! such that

T’M:Span{yal = Pgaj}a a € {1,,77,—1}

Further, we denote by D’ := T'M, D" = T;’M, and so DR C =D ¢ D”.
Since Y, :=Y, + Y/ and JY, =1i(Y, —Y/), we conclude that

D = span{Y, := P19, + P10;, JY, =i(Pi9; — Pl9;)}, (12)
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and, from the orthogonality condition between Y, and N’, with respect to the
Hermitian metric § (4) we have

Pil;=0, Pll;=0 and Vl;=1. (13)

In order to introduce an almost contact structure on the complex indicatrix
I.M, dimg I.M = 2n — 1, we can choose as Reeb vector the characteristic
direction ¢ and define the 1-form 6(X) = Gr(X,§) for any X € I'(Tr(I,M)),
more precisely

i
0 = i(l,;dﬁk — Ipdn™).

It verifies (§) = 1 and 6(X) = 0, VX € I'(D), so kerf = D, ie. 6 is a
pseudohermitian structure on M. Moreover, since I, M is a pseudoconvex CR
manifold, any 1-form 6 having this properties is a contact form, such that
O A (do)y 1 0.

By considering the decomposition X = PX + 0(X)&, VX € T'(Tr(I.M)),
with PX € D, we define the (1,1) tensor field ¢ as

X = J(PX)=JX +0(X)N, VX e (Tr(L.M)). (14)

Notice that ¢X = JX for X € I'(D), ¢*X = —X + 0(X)¢, ¢ = 0 and
0(¢X) = 0. Therefore, we can state

Proposition 2.1. On the complez indicatriz I, M of a complex Finsler space
it exists a contact structure associated to the CR structure (D, J), determined

by
p=J+00N,  &=i(1d —1Fp), ezg(lgdﬁ’tzkdnk), (15)

which is called the natural contact structure of the complex indicatriz I, M.

Moreover, the natural contact structure (15) is subordonated to the CR
structure (I,M,D), i.e. it satisfies [, I'(D)] C T'(D), equivalent to tedf =
0 or £¢0 = 0.

Considering the integrability of the CR-structure distributions D’, D", D+
from

Theorem 2.2. [13] Let (M, F) be a complex Finsler manifold, z € M an
arbitrary fized point and I,M the complex indicatriz. Then the following af-
firmations hold:

(a) the anti-invariant distribution D+ is integrable;
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(b) even though the complexz CR-structures D', D" of D, D@ C =D @ D",
are integrable, the real invariant distribution D is no involutive, nor
integrable.

and using the following theorem

Theorem 2.3 ([15]). For an almost contact metric manifold the contact struc-
ture (¢,&,0, g) is normal if and only if D' and D" & (£)¢ (or D" and D' ®(£)€)
are integrable and L0 = 0, where D =ker® and D@ C = D' & D".

we can state

Proposition 2.4. Any almost contact metric structure (J),é,ﬁ,g) subordo-
nated to the complex indicatriz CR structure (I,M,D), in particular the nat-
ural one, is normal.

Therefore, we have

Theorem 2.5. Let M be a complex Finsler manifold and z an arbitrary fixed
point. The complex indicatriz I, M is a Sasakian manifold.

3 Classification of indicatrices contact structures

In order to introduce the symmetry classes defined by D. Chinea and C. Gon-
zales in [6], we firstly recall that the existence of an almost contact metric
structure is equivalent to the existence of a reduction of the structural group
O(2n+1) to U(n) x 1. Moreover, the covariant derivative V{2 of the fundamen-
tal 2-form Q(X,Y) = g(X, ¢Y) of any almost contact manifold is a covariant
tensor of degree 3 which has various symmetry proprieties.

Therefore, by taking V, dimV = 2n + 1, a real vector space with an
almost contact structure (¢,£,0), D. Chinea and C. Gonzales obtained in
[6] the decomposition of the vector space of 3-forms on V having the same
symmetries of V2, namely

G(V) = {a € ®gv : Oé(:I},y,Z) = —oz(:c,z,y) = *Oé(Z,(by,(bZ%F
+0(y)a(z, &, 2) +0(2)a(z, y,§)} = _:1@ 1261‘(‘/), where
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el(v) = {a € G(V) O‘(xax; y) = Oz(a?,y,i) = O}’
C(V) = {aeC(V): ( > )a(fc,y,Z) =0, a(z,y,§) =0},
T,Y,2
GS(V) = {a € G(V) Oé(.’t yVZ) - a(¢xa ¢ya Z) = Oa Cl20¢ = O}a
Cy(V)= {aeC(V)

a(z,y,2) = ﬁ[(< z,y > —0(x)0(y))cr2a(2)
—(< 2> —0(2)0(2))c12a(y)— < x, Py > craa(dz)
+ <z, ¢z > ciaa(gy)], cr2a(§) = 0},
C(V)= {a€C(V): alz,y,2) = 5;[< 2,02 > 0(y)crza()-
— <z, ¢y > 0(z)cr2(§)]}
C(V)= f{acC(V): alzy2)=5[<zy>0(z)ca()-
— <,z >0(y)ci2a(§)]},
Cr(V)= {a€CV): alz,y,z)=0z)ay z§) - 0(y)a(oz, ¢2,8),

crza(§) = 0},
Cs(V)= {a€lCV): a(zy,z2)=—-0(z)a(y,z,§) — 0(y)a(oz, ¢z,§),
c12a(§) = 0},
Co(V)= {aelV): oalz,y,z2)=0(z)aly,z,§) + 0(y)a(dr, ¢z,§)},
Cio(V)= {a€C(V): alz,y,z)=—-0(z)aly,z,§) +0(y)a(oz, ¢z, )},
Cu(V)= {a€C(V): alz,y,z2)=—-0(@)a& ¢y, d2)},
Co(V) = {a€el(V): alz,y,z)=0(x)0(y)a§ ¢ 2) +0(x)0(2)a(&, y,)}

where cipa(z) = > ale,e,x) and épa(z) = > ale;, pe;,x) , for x € V
and an arbitrary orthonormal base {e;}, i =1,2,..,2n + 1.

The €;(V) classes are mutually orthogonal, irreducible and invariant sub-
spaces under action of U(n) x 1. If we apply this algebraic decomposition
to the geometry of almost contact structures, for each invariant subspace we
obtain a different class of almost contact metric manifolds. For example, Cg
corresponds to the class of a-Sasakian manifolds, Cs @ Cg to the class of almost
cosymplectic manifolds and the direct sum C3 @ Cg to that one of normal man-
ifolds. More exactly, we will say that a manifold M is of class Ci, k =1,..,12,
if the 3-form (VQ), belongs to Cr (T, M), for any arbitrary z € M.

Using the following results from [6] and [11]

Proposition 3.1. Any differentiable manifold of real odd dimension, endowed
with a strictly pseudoconver CR structure of hypersurface type and an associ-
ated almost contact structure is of Cg ® Cqg class.

Corollary 3.2. The manifold M is of class Cg if and only if its almost contact
structure s normal.
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and the normality of the normal contact metric structure on I, M, we can
state

Theorem 3.3. The natural contact structure of the indicatriz of a complex
Finsler space (I,M,¢,£,0) is of class Cg.

However, the 1-form 6 which defines the invariant distribution D is not
unique. So, starting from the natural contact structure (15), we can determine
another almost contact structure associated to the same CR-distribution on
(I.M,D).

A special case of transformation between two almost contact manifolds
subordonated to the same almost complex distribution D is the gauge trans-
formation of the 1-form 6, given as 0 — 0 = eef#, with f € C*°(I.M) and
e = £1. It can be easily noticed that 1-forms 6 and 6 define the same dis-
tribution D. In general, the complex involutivity is invariant under gauge
transformations.

Proposition 3.4. Two almost contact structures (¢,&,0), (¢,€,0) are subor-
donated to the same strict pseudoconvexr CR-structure iff it exists a function
f e C>®(I,M) such that

O=cel0, {=cel(E+0A), I=0+00A4,
with A € D defined by dO(pA, X) = df (X) = X(f),VX € T(D).

Applying Gr from (9) to the real tangent vectors from (12) generating D,
which have the components on the holomorphic and anti-holomorphic bundles
as Y/ = Pi9;, Y! = Pl9;, JY! =iP!0; and JY] = —iPJ0;, by direct calculus
we get

Gr(Ya,Yy) = Gr(JY,, JY;) = Re(g;zPiPF) =: Re(g,;) and
Gr(Ye, JYy) = —Gr(JYa,Ys) = —Re(ig;s P PF) = —Re(ig,p),
with a,b € {1,...,n—1}. Also, using conditions (13) and N’ = 179;, N” = 179;,
¢ =illo;, &= —1l70;, with i = /—1, we can easily verify
GR(€7 Ya) = GR(fa JYG) = GR(N7 Ya) = GR(N7 JYa) = 07
Therefore, we obtain

Gr(JX,JY)=Gr(X,Y) and GR(X,JY) = —-G(JX,Y), VX,Y € Tr(T.M)).

Thus, using the above relations, the form of ¢X from (14), £ = JN and
0(X) = Gr(X,§), we may conclude that, with respect to the natural con-
tact structure (¢, &,0) on (I,M, D), the Riemannian metric Gg satisfies the
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compatibility conditions
Gr(¢X,0Y) = Gr(X,Y) — 0(X)0(Y). (16)
Moreover, considering that
i 1 j i
do = 7\ 9%~ Eljl;-c dn’ Ndn”,
and its action on the real tangent vectors of the complex indicatrix I, M as
do(Y,,Y,) =do(JY,,JY;,) = %Re(igal;),
d0(Ya, JYy) =—df(JYa,Ys) = FRe(gap),
de(YlM f) = da(‘]YUm g) = 07
we may conclude that df(X,Y) = £Gr(¢X,Y), which are equal for F = 1
on I,M. Hence, we obtain Gr(X,Y) = df(X,¢Y) + 0(X)0(Y), VX, Y €
Tr(I,M). o
Regarding the almost contact structure (¢,&,6) obtained under a gauge
transformation, the metric will not fulfill G(X,Y) = df(X,¢Y) for X,V €

D. If we require the restrictions of G and G to be related by a conformal
transformation on D the new metric will have the expression

G(X,Y)= e [Gr(X,Y)-0(X)Gr(¢A,Y) - 0(Y)Gr(¢A, X)
+GR(A, A)O(X)O(Y)),
with A € D given by df(¢A,X) = df(X) = X(f), X,V € D. It takes that it
verifies G(X,Y) = efdf(X,¢Y), VX,Y € (D).

Assuming ¢ = 1, we take 6 = %ef(l,;dﬁk — Ixdn®) a gauge transformation
and the vector field

A= \Y, + p*JY,, with A%, u® € C®(I.M),

which satisfies df(¢A, X) = X (f), X € D, which is equivalent to +Gr(4, X) =
—PX(f) € D. Then, the new almost contact metric structure ((ﬁ,é, é, é) on
I, M has ~

£ =e T (E+NTY, — uY,) si

¢ =J+0ON+XIRY, 4+ u*0® JY,.

Moreover, the action of the new metric G is
G(Ya,Ys) = G(JYa, JYy) = € Re(gyp), G(Ya,6) = e IYu(f),

G(Ya, JYy) = —G(JY,,Y}) = —e*Religy;),  G(JYa,&) = —e2Y,(f),
G(&€) =eXA+[4lP), GE&H=1,  GEE =,
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where [|A||? = Gr(A, A) = XY, (f) + p*TYa(f).
Let us take V and ) the Levi-Civita connection and the fundamental 2-

form of (¢,£,0,G), respectively. Then we deduce
QX,Y) =G(¢X,Y) = [QUX,Y) + FO(Y)PX(f) — FOX)PY(f)], (17)

where Q(X,Y) = Gr(¢X,Y) = FdO(X,Y), X,Y € x(I.M).

The normality of (¢,&,6,Gr) and (¢,£,0,G) structures deduced from
Proposition 2.4, is equivalent to (L) (X) = (£g6)(X) = 0, VX € T(I.M).
Using

(Led)(X) = e {(£ed)(X) + (#X(F) + 0(X)A()) (€ + 64)
+oA,0X] — 9[04, X] + X(£)A+ 0(X)[¢ + ¢4, A]}

we obtain the following normality condition for A
[0A, 9 X] = d[pA, X] = =9 X (f)(§ + ¢A) — X(f)A, VX eD(D). (18

Using the following relations between V2 and V2, which can be found in
[11],

(VxQ)(V,2) = (VxQ)(Y, Z) + SH{Z(f)Gr(X, 6Y) = Y (f)Gr(X, ¢2)

+¢Z(f)GR(X7 Y) ¢Y(f)GR(X7 Z)}a
(VxM)(E,2) = e/ (VxQ)(E,2) — S{E(f)Gr(X, 02) — FOZ(f)6X(f)
~Gr([9A, 0Z) — $[0A. 2], X) + FZ(f)X ()},

Vet =0,

and considering (18) and the following nonzero components of V2

(Vyv. Q) (¥, €) —(Vy,Q)(&,Ys) = —#Re(gsa),
(Vy, Q) (Y, €) —(Vy,Q)(&, JYs) = —+Re (igpa),
(Viv, )V, ) —(Viv, Q)(&,Ys) = FRe(gea),
(Vv QY. 8) = —(Vov, (&, V) = £Re (igra),
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we obtain the following covariant derivative V of Q as

(Vv,Q)(Ye,Ye) = —(Vy,Q)(JY3, JY.) = (Voy, Q) (I3, Ye) =
—FeX Refi[P]0;(f)gea — PEOx(f)gnal},
(Vy, Q) (IYs, Ye) = —(Viv,Q)(%,Ye) = (Vy, Q) (JYs, JYe) =
FEQfRe[Pgaj(f)gca — Pfak(f)gba]v
(TvaE V) = LRe(ga) + LE()Re(igus), (19)
(Vv Q) JYy) = SRe(iga) + S E(f)Re(gap),
Vi, DEY) = —SRe(ga) — SERe(g45),
(VoD V) = SRe(iga) + 5 E()Re(igyp),

and, from the general case, VA =0.
By adapting the results from [11] we obtain the classes of a gauge trans-
formation from the normal contact structure of I, M

Proposition 3.5. Let us consider I,M the complex indicatriz of a complex
Finsler space M, dimc M = n, n > 3. The almost contact metric manifold
(I.M, $,¢&,6, G) obtained under a gauge transformation of the natural contact
structure belongs to the C4 ® C5 @ Cqg class.

Each component of C4 & C5 & Cg corresponding to (I, M, ?,6.,0, G) can be
found explicitly using relations (19).

4 Conclusion

Based on the CR-structure of the complex indicatrix I, M of a complex Finsler
space, which was introduced in [13], in the present paper we continue the
study by considering contact structures subordonated to the CR-structure of
the complex indicatrix. Therefore, the characteristic direction and the maxi-
mal J-invariant subspace of the tangent space of I, M, which characterize the
CR-structure, allow us to introduce in this paper a natural contact structure
specific to the complex indicatrix. However, our main goal is o characterize
the complex indicatrix from an algebraic point of view, using the symmetry
classes of the covariant derivative of the fundamental 2-form €). In this sense,
we use the integrability result from Theorem 2.2, proved in [13], which helps us
now to deduce that the complex indicatrix is a Sasakian manifold. In this way,
we can make a connection with the general results obtained in [6, 11] and we
can state the classes corresponding to the natural contact structure on I, M.
Our next step here is to analyse the properties for the gauge transformations
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under which it is possible to obtain different types of almost contact metric
structures associated with the same CR-structure of the complex indicatrix.
As we can see from relations (19) it is quite difficult to obtain directly the
algebraic classes of symmetries. Nevertheless, by adapting the results from
[11] we obtain the classes of the gauge transformation of the normal contact
structure on I, M and each of their components can be found using (19). Thus,
in this paper we make a link between the geometric and the algebraic prop-
erties which characterizes the subordonated contact structure of the complex
indicatrix CR-structure.
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